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Abstract
We show a ring topology on k[X ], which we call lacunar, whose completion is a subring of
k[[X ]] consisting of some particular series with many zero coe6cients. Zelenyuk, Protasov and
Khromulyak have proven that each countable ring is complete with the ring topology which is
maximum among those for which a certain T-sequence converges. We present some concrete
examples of this situation on the rings k[X ], Z, k(X ) and Q. c© 2001 Elsevier Science B.V.
All rights reserved.
MSC: 13J99; 12J99
1. Introduction
A topological ring (R;T) is a ring R provided with a topology T such that the
algebraic operations (x; y) → x±y and (x; y) → xy are continuous. A topological ?eld
(K;T) is a ?eld K equipped with a ring topology T such that the inversion x → x−1
is also continuous. For an introduction to topological ?elds, the books [20,21,23] are
recommended.
In this article, we present a ring topology on k[X ] which is ?ner than the topology
given by the X -adic valuation. This topology is called a lacunar ring topology since
the completion of k[X ] is a subring of the ring of formal series k[[X ]], whose elements
are series with many zero coe6cients. A sequence on a commutative ring R is called
by Zelenyuk and Protasov [24] and Zelenyuk et al. [25] a T-sequence if there exists a
nontrivial HausdorC ring topology on R for which the sequence converges. They proved
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that each countable ring is complete with the ring topology which is maximum among
those for which a certain T-sequence converges. Following their ideas, we present a
ring topology on k[X ] (k being a ?nite ?eld now) which is the maximum one among
the ring topologies on k[X ] for which the sequence {X n}n∈N converges to zero. The
ring k[X ] with this ring topology is complete. Analogous ring topologies are given
on Z with respect to the sequence (pn)n∈N, p being a prime number. We get a ring
topology on Z ?ner than the p-adic ring topology such that Z is complete; this is
also the maximum group topology on (Z;+) among those for which the sequence
(pn)n∈N converges to zero, this topology was introduced by Nienhuys [18]. Similar
ring topologies are constructed on the ?elds k(X ) and Q.
We recall that for a family {Ui}i∈I of subsets of a commutative ring R to be a
fundamental system of neighborhoods of zero for a HausdorC ring topology T on R,
it su6ces that the following properties hold:
for all i∈ I; 0∈Ui; Ui =−Ui; (1)
for all i∈ I there exists k ∈ I such that Uk + Uk ⊆Ui; (2)
for all i∈ I there exists k ∈ Isuch that UkUk ⊆Ui; (3)
for all i∈ I and x∈R there exists k ∈ I such that xUk ⊆Ui; (4)⋂
i∈I
Ui = {0}: (5)
If, in addition, R is a ?eld, then T is a ?eld topology if {Ui}i∈I also satis?es the
following condition:
for all i∈ I there exists k ∈ I such that (1 + Uk)−1 ⊆ 1 + Ui; (6)
see [10;15;20, p. 4; 21, p. 79] or [23, p. 3], for instance.
We recall that a subset S of a commutative topological ring R is bounded, if given
any neighborhood V of zero, there exists a neighborhood U of zero such that SU ⊆V .
If R is a nondiscretely topologized ?eld, this is equivalent to saying that given any
neighborhood V of zero, there exists a nonzero element x∈R such that Sx⊆V (see
[16;20, Theorem 3, p. 42] or [23, Lemma 12, p. 26]). A ring topology on R is locally
bounded if there is a bounded neighborhood of zero.
2. Zelinsky’s property for ring topologies
Denition 1. Let R be a ring and let T1 and T2 be two HausdorC ring topologies
de?ned on R such that T2 is ?ner than T1. We say that the topologies T1≤T2 satisfy
Zelinsky’s property, if every Cauchy net with respect to T2 which converges with
respect to T1 is also a convergent net with respect to T2. We shall denote this situation
by T1 /T2.
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I have choosen the expression “Zelinsky’s property” for this relation between two
topologies because it was ?rst used by Zelinsky [26]. This property has also been used
fruitfully in [9].
For a topological ring (R;T), we shall consider its completion (Rˆ; Tˆ). This comple-
tion is constructed according to [20, pp. 172–175]. We assume that B is a neighborhood
basis at zero which has the smallest cardinal possible. Let B be directed by the relation
U ≥ V if U ⊆V ; we consider in R the nets {xU}U∈B, indexed by the neighborhoods
of B. The completion Rˆ is the quotient ring of the ring of Cauchy nets {xU}U∈B by
the ideal of nets of this type converging to zero.
We say that two arbitrary Cauchy nets {xi}i∈I and {yj}j∈J are equivalent if, for
each neighborhood of zero U ∈B, there exist i0 ∈ I and j0 ∈ J such that xi − yj ∈U
for all i ≥ i0 and j ≥ j0. For each arbitrary Cauchy net {xi}i∈I there exists a Cauchy
net of the type {yU}U∈B equivalent to it.
Let T1 and T2 be two HausdorC ring topologies de?ned on the ring R such that T2
is ?ner than T1. Let Rˆ1 and Rˆ2 be the respective completions of (R;T1) and (R;T2);
then there is a natural ring homomorphism f: Rˆ2 → Rˆ1. The map f is continuous
and operates as follows: Let B1 and B2 be two bases of zero neighborhoods for the
ring topologies T1 and T2, respectively. We assume that B1 ⊆B2. Every net of the
type {xU}U∈B2 has its corresponding subnet of the type {xU}U∈B1 . If {xU}U∈B2 is a
Cauchy net in (R;T2), then {xU}U∈B2 and {xU}U∈B1 are equivalent Cauchy nets in
(R;T1). The image of the class {xU}U∈B2 ∈ Rˆ2 by f is the class of the corresponding
subnet {xU}U∈B1 in Rˆ1.
The following result relates Zelinsky’s property with the topological homo-
morphism f.
Proposition 2. In the above situation; the topologies T1≤T2 satisfy Zelinsky’s prop-
erty if and only if the topological homomorphism f is injective.
Proof. Let {xU}U∈B2 be a Cauchy net in (R;T2); the image by f of the class
{xU}U∈B2 ∈ Rˆ2 is the class {xU}U∈B1 ∈ Rˆ1. This image is N0 if and only if the subnet
{xU}U∈B1 converges to zero in (R;T1). Since {xU}U∈B2 and {xU}U∈B1 are equivalent
Cauchy nets in (R;T1), the result follows.
If T1 and T2 are ring topologies on R which satisfy the ?rst axiom of countabil-
ity, then the above considerations hold true with Cauchy sequences and converging
sequences.
The ?rst statement of the following lemma is a generalization of a result obtained
by Zelinsky [26, Theorem 1] for ideal topologies.
Lemma 3. (1) If T1/ T2 are Hausdor9 ring topologies on R and (R;T1) is complete;
then (R;T2) is complete too.
(2) If T1 ≤T2 ≤T3 are Hausdor9 ring topologies on R and T1 /T3; then T2 /T3.
(3) If T1 /T2 /T3 are Hausdor9 ring topologies on R; then T1 /T3.
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Proof. Straightforward.
Lemma 4. Let (R;T1) be a Hausdor9 topological ring. There exists a maximal ring
topology among the nondiscrete ring topologies Ti satisfying the Zelinsky’s property
T1 /Ti.
Proof. Let {Ti}i∈I be a collection of nondiscrete ring topologies on R, totally ordered
by inclusion, such that T1 /Ti for all i∈ I . We call T2 = sup{Ti: i∈ I}, which it
is not discrete. Let Bi be a neighborhood basis at zero for Ti. A basis B2 of zero
neighborhoods for T2 consists of all ?nite intersections U1 ∩ · · · ∩Un, where for each
Uk there exists i(k)∈ I such that Uk ∈Bi(k).
Let {xj}j∈J be a net converging to zero with respect to T1 which is a Cauchy net
with respect to T2. Then {xj}j∈J is a Cauchy net with respect to Ti for all i∈ I ;
consequently, {xj}j∈J converges to zero with respect to Ti for all i∈ I . Therefore,
{xj}j∈J converges to zero with respect to T2.
In this latter situation, i.e., (R;T1) is a HausdorC topological ring and T2 is a
maximal nondiscrete ring topology among the ones satisfying T1 /Ti, we have the
respective completions
R⊆ Rˆ2 ⊆ Rˆ1:
In some cases Rˆ2 = R, that is, (R;T2) is a complete topological ring.
Let (K;T1) be a ?eld with a ring topology; it has a neighborhood basis at zero B1
such that −1 ∈ U for all U ∈B1. There is a ?eld topology T2 de?ned on K which
has the following neighborhood basis at zero:
B2 =
{
U
1 + U
}
U∈B1
:
It is clear that T2 ≤ T1 (see [6;7;20, p. 32;21, p. 108], or [23, p. 14]). We call this
topology T2 the ?eld topology corresponding to the ring topology T1.
Every HausdorC topological ring is a TychonoC topological space, and so it is a
HausdorC regular space. Therefore, every HausdorC topological ring has a neighborhood
basis at zero consisting of closed sets.
Lemma 5. Let (K;T1) be a >eld with a ring topology; let B1 be a neighborhood
basis at zero consisting of closed sets such that −1 ∈ U for all U ∈B1. Then; for
every U ∈B1; there exists V ⊆U; V ∈B1 which ful>lls⋂
W ⊆ V
W∈B1
(
V +
W
1 + W
)
⊆U:
Proof. There exists V ∈B1 which satis?es V + VV + V ⊆U , and therefore, for all
W ∈B1, W ⊆V , we have
V +
W
1 + W
⊆ V + VW + W
1 + W
⊆ V + VV + V
1 + W
⊆ U
1 + W
:
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In order to prove the lemma it su6ces to check that⋂
W ⊆ V
W∈B1
U
1 + W
⊆U: (7)
We reason by the way of contradiction. If there exists b ∈ U such that
b∈
⋂
W ⊆ V
W∈B1
U
1 + W
;
then, for every W ⊆V , W ∈B1, there would be cW ∈U and dW ∈W satisfying b =
cW =(1 + dW ). Thus,
b + bdW = cW ∈U: (8)
Since b ∈ U = NU , there exists W2 ⊆V , W2 ∈B1 which ful?lls (b+W2)
⋂
U =∅. There
exists W3 ⊆V , W3 ∈B1 such that bW3 ⊆W2. Then
(b + bW3) ∩ U ⊆(b + W2) ∩ U = ∅;
which contradicts (8). Therefore inclusion (7) holds.
Lemma 6. Let (K;T1) be a >eld with a ring topology. Let T2 be the >eld topology
corresponding to T1. Then T2 /T1.
Proof. We recall that T2 ≤ T1. Let B1 be a fundamental system of closed zero
neighborhoods for the topology T1 such that −1 ∈ U for all U ∈B1. Let {ai}i∈I be
a Cauchy net for T1 which converges to zero for T2. We apply the previous lemma
and so, for each U ∈B1, there exists V ∈B1 such that⋂
W ⊆ V
W∈B1
(
V +
W
1 + W
)
⊆U:
There exists i(V )∈ I such that aj−ak ∈V for all j; k ≥ i(V ). For every W ⊆V;W ∈B1,
there exists i(W )∈ I such that ak ∈W=(1 + W ) for all k ≥ i(W ). Therefore,
aj = (aj − ak) + ak ∈V + W1 + W
for all j ≥ i(V ) and k ≥ sup{i(V ); i(W )}. Thus,
aj ∈
⋂
W ⊆ V
W∈B1
(
V +
W
1 + W
)
⊆U
for all j ≥ i(V ). Consequently, {ai}i∈I converges to zero with respect to T1.
3. Maximum ring topologies with a prescribed convergent sequence
In this section we present some results obtained by Zelenyuk and Protasov [24]
and Zelenyuk et al. [25]. A sequence (an)n∈N on a commutative ring R is called
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a T-sequence if there exists a HausdorC ring topology T on R for which (an)n∈N
converges to zero. In [25], the sequences de?ned on a ring R which are T-sequences
are characterized. In the sequel, we deal only with T-sequences (an)n∈N such that
an = am for all n = m.
In the collection of all nondiscrete HausdorC ring topologies on a ring R, we consider
the order given by the relation Ti ≤Tj, that is, Tj is ?ner than Ti.
In [25] it is proven that, for each T-sequence (an) on a ring R, there is a maximum
ring topology among those for which (an) converges to zero.
Theorem 7. Let (an)n∈N be a T-sequence in the ring R. Let S = {Ti}i∈I be the col-
lection of all nondiscrete Hausdor9 ring topologies on R for which (an)n∈N converges
to zero. Then S has a maximum topology.
Proof. Let T2 = sup{Ti: i∈ I}. For each topology Ti, let Bi be a neighborhood basis
at zero. A basis B2 of zero neighborhoods for T2 consists of all ?nite intersections
U1 ∩ · · · ∩ Um, where for each Uk there exists i(k)∈ I such that Uk ∈Bi(k).
Since an → 0 with respect to Ti(k) for k = 1; : : : ; m, there exists n0 ∈N such that
an ∈U1 ∩ · · · ∩ Um for all n ≥ n0. Consequently, T2 is not the discrete topology and
(an) → 0 with respect to T2. It is easy to check that T2 is a ring topology on R.
Given a T-sequence (an)n∈N on a ring R, this ring with the maximum ring topology
on R for which (an) → 0 is denoted by R{an}.
Theorem 8. If R is countable; the topological ring R{an} is complete [25].
Nevertheless, this ring topology is not maximal. Kabanova [11] proved that every
countable ?eld equipped with a maximal nondiscrete ?eld topology does not contain
nontrivial converging sequences. In the general situation we have
Lemma 9. Let R be a countable ring. For every nontrivial T-sequence (an)n∈N; there
exists a subsequence (bn)n∈N such that the ring topology of R{bn} is strictly >ner
than the ring topology of R{an} [19].
Corollary 10. Let R be a countable ring and let T be a nondiscrete maximal ring
topology on R. Then every compact subset in (R;T) is >nite. In particular; every
convergent sequence in (R;T) is trivial [19].
We say that a set is sequentially closed if it contains the limits of all convergent
sequences taking values in the set. A topological space is called sequential if every
sequentially closed subset is closed.
Theorem 11. If R is countable; the topological ring R{an} is sequential [25].
Lemma 12. Let (K;T1) be a >eld with the maximum ring topology for which the
sequence (an)n∈N converges to zero. Let T2 be the >eld topology on K corresponding
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to T1. Then T2 is the maximum >eld topology on K among those >eld topologies for
which (an)n∈N converges to zero.
Proof. Straightforward.
Graev [8] and Nienhuys [17,18] proved that Z is complete for the ?nest group
topology such that certain speci?c sequence converges to zero, see Section 7 and also
[24]. Related results can be found in [2,4,13].
4. A lacunar ring topology on k[X ]
Let k be a ?eld. In this section we shall introduce a ring topology on k[X ] which is
?ner than the usual ring topology given by the ?lter of ideals {(X n)}n∈N. We call it
“a lacunar ring topology” due to the structure of its completion ring. First, we present
this completion ring kX , which is a subring of the ring of formal power series
k[[X ]]. For each  =
∑∞
n=0 anX
n ∈ k[[X ]], we de?ne its density sequence by
m() = m = #{n ≤ m: an = 0};
note that this notion is not the usual one of density in number theory. We de?ne the
following subset of k[[X ]]:
kX =
{ ∞∑
n=0
anX n ∈ k[[X ]]: lim sup log(m)log(m) ≤ 0
}
;
where we put log(0) =−∞.
Proposition 13. kX  is a subring of k[[X ] ].
Proof. Let  =
∑∞
n=0 anX
n,  =
∑∞
n=0 bnX
n ∈ kX , and consider their sum  +  =∑∞
n=0(an + bn)X
n. We have that m(+) ≤ 2 max{m(); m()}; thus it is clear that
lim sup
log(m( + ))
log(m)
≤ 0
and so  + ∈ kX .
We consider now their product  =
∑∞
n=0(
∑
i+j=n aibj)X
n. We have that m()
≤ m()m() for all m∈N. Consequently,
lim sup
log(m())
log(m)
≤ lim sup log(m())
log(m)
+ lim sup
log(m())
log(m)
≤ 0
and so ∈ kX .
Lemma 14. The subring kX  can also be expressed in the form
kX =
{ ∞∑
n=0
anX kn : kn ∈N ∪ {0}; kn ¡kn+1; lim
n→∞
log(kn)
log(n)
= +∞
}
:
60 J.E. Marcos / Journal of Pure and Applied Algebra 162 (2001) 53–85
Proof. First, let  =
∑∞
n=0 anX
kn . We write it as  =
∑∞
j=0 bjX
j, where bj = an for
j = kn and bj = 0 for j ∈ {kn}n∈N∪{0}. We compute the density of  written in this
second way. It is clear that
kn() = #{j ≤ kn: bj = 0} ≤ n + 1:
If kn ≤ m¡kn+1, then m = m() = kn() ≤ n + 1. For each s¿ 0 there exists ns
such that kn ¿ (n + 1)s for all n ≥ ns. Therefore, if n ≥ ns and kn ≤ m¡kn+1, then
(m)s ≤ (n + 1)s ¡ kn ≤ m. This implies that (m)s ≤ m for all m ≥ kns . Hence,
limm→∞ log(m)=log(m) = 0.
The converse is shown similarly. Let  =
∑∞
n=0 cnX
n ∈ kX  that satisfy
lim
m→∞ log(m())=log(m) = 0:
For each s∈N there exists ns such that (m)s ¡n for all n ≥ ns. We write  =∑∞
l=0 dlX
kl , where {kl}l∈N∪{0} = {n∈N ∪ {0}: cn = 0} and kl ¡kl+1; if kl = n then
dl = cn and kl = l + 1. There exists l0 such that kl ≥ ns for all l ≥ l0. Thus, for all
l ≥ l0, we have (l + 1)s = (kl)s ¡ kl. Therefore liml→∞ log(kl)=log(l) = +∞.
Now, we are going to de?ne a ring topology Tl on k[X ] such that the completion
of (k[X ];Tl) is the ring kX . For each s ≥ 2 we de?ne the following subset of
k[X ]:
Us =
{
 =
l∑
n=2s
anX n: (m())s ≤ m for all m ≥ 2s
}
: (9)
Notice that the inequality is equivalent to saying
log(m())
log(m)
≤ 1
s
for all m ≥ 2s:
Proposition 15. The family B = {Us}s≥2 is a fundamental system of zero neighbor-
hoods for a Hausdor9 ring topology on k[X ].
Proof. We shall check that properties (1)–(5) hold. Property (1) is obvious. It is clear
that
⋂
s≥2 Us = {0}. Let us see that, for all Us ∈B, the inclusion U2s +U2s⊆Us holds.
We take
 =
l∑
n=22s
anX n;  =
l∑
n=22s
bnX n ∈U2s:
For all m ≥ 22s we have (m())2s ≤ m, (m())2s ≤ m and m( + ) ≤ 2max{m();
m()}. Thus,
(m( + ))s ≤ (2max{m(); m()})s ≤ 2sm1=2 ≤ m1=2m1=2 = m:
In a similar way we check that U2sU2s⊆Us. It su6ces to consider that
(m())s ≤ (m()m())s ≤ m1=2m1=2 = m
J.E. Marcos / Journal of Pure and Applied Algebra 162 (2001) 53–85 61
for all m ≥ 22s. Now we check property (4); let P(X )∈ k[X ] \ k be a polynomial of
degree j − 1 and Us ∈B with s ≥ 3. We show that P(X )Ujs⊆Us. We take
 =
l∑
n=2 js
anX n ∈Ujs
and de?ne  = P(X ). The inequality m() ≤ jm() holds for all m ≥ 2js. We split
the argument into two cases:
If j = 2, then js ≤ m1=j; hence
(m()) s ≤ (jm()) s ≤ jsm1=j ≤ m1=jm1=j = m:
If j ≥ 3, then we have j ≤ 2j2=3, what implies that js ≤ 2sj2=3 ≤ m2=3. Therefore,
(m()) s ≤ (jm()) s ≤ jsm1=j ≤ m2=3m1=3 = m:
In both cases we conclude that  = P(X )∈Us.
We denote this ring topology on k[X ] by Tl. Taking into account Lemma 14, we see
that the same topology is acheived with the fundamental system of zero neighborhoods
B2 = {Wm}m∈N, where
Wm =
{
l∑
n=2
bnX kn : nm ≤ kn ¡kn+1 for all n ≥ m
}
:
The inequality nm ≤ kn is equivalent to log(kn)=log(n) ≥ m for all n ≥ m.
We recall that two Cauchy sequences (m)m∈N and (!m)m∈N are equivalent in
(k[X ];Tl) if and only if their diCerence (m − !m)m∈N converges to zero.
Lemma 16. Let (m)m∈N be a Cauchy sequence in (k[X ];Tl). There exists a sequence
(an)n∈N∪{0} of elements of k such that the sequence (!m)m∈N; de>ned by
!m =
m∑
n=0
anX n
is equivalent to (m)m∈N.
Proof. We consider the neighborhood basis B={Us}s≥2 introduced in (9). Let ($m)m∈N
be a subsequence of (m)m∈N such that $m1 − $m2 ∈Um for all m1; m2 ≥ m. Let
$m =
%m∑
n=0
amnX n;
we assume that %m ≥ m+ 1 by adding null terms if necessary. Since for all s ≥ m we
have $s−$m ∈Um, it follows that asn = amn for every n¡ 2m; and in particular, for all
n ≤ m. We de?ne an = amn for all n ≤ m, and therefore
!m =
m∑
n=0
anX n =
m∑
n=0
amnX n:
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Now, let us see that (!m)m∈N is a Cauchy sequence equivalent to ($m)m∈N. Given
Us ∈B, let t = 2s. Clearly, Ut + Ut ⊆Us. We take
$t =
%t∑
n=0
atnX n;
it is assumed that %t ≥ t+1. It su6ces to prove that $k−!k ∈Us for all k ¿%t . Since
$k − $t ∈Ut , we can express
$k − $t =
%k∑
n=0
aknX n −
%t∑
n=0
atnX n =
%k∑
n=2t
aknX n −
%t∑
n=2t
atnX n ∈Ut:
We get the expression
!k − $t =
k∑
n=2t
aknX n −
%t∑
n=2t
atnX n;
whose set of nonzero monomials is included in the set of nonzero monomials of $k−$t
since k ¿%t . Thus !k − $t ∈Ut . Consequently,
!k − $k = (!k − $t) + ($t − $k)∈Ut + Ut ⊆Us
for all k ¿%t .
Theorem 17. The completion of the topological ring (k[X ];Tl) is the ring kX .
Proof. Let (m)m∈N be a Cauchy sequence in (k[X ];Tl). Applying Lemma 16, we
get a sequence (an)n∈N∪{0} of elements of k such that !m =
∑m
n=0 anX
n is a Cauchy
sequence equivalent to (m)m∈N. We are going to check that its limit ! =
∑∞
n=0 anX
n
satis?es the requirements for being an element of kX . Given Uk ∈B, there exists
mk ∈N such that
!m2 − !m1 =
m2∑
n=m1+1
anX n ∈Uk
for all m1; m2 ≥ mk . In particular, for all m ≥ mk , we get
!m − !mk =
m∑
n=mk+1
anX n ∈Uk: (10)
The density has been de?ned as m(!) = #{n ≤ m : an = 0}. We de?ne another density
′m(!) = #{n∈N :mk + 1 ≤ n ≤ m, and an = 0}. From (10), it is clear that (′m)k ≤ m
for all m ≥ mk , what it is equivalent to
log(′m)
log(m)
≤ 1
k
for all m ≥ mk:
There exists mk;2 ≥ mk such that
log(′m + mk)
log(m)
≤ 2
k
for all m ≥ mk;2:
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We conclude that
log(m(!))
log(m)
≤ log(
′
m + mk)
log(m)
≤ 2
k
for all m ≥ mk;2
and limm→∞ log(m(!))=log(m) = 0, that is, !∈ kX .
The converse, i.e., every element in kX  is the limit of a Cauchy sequence of
(k[X ];Tl), is shown in analogous way.
We denote by TX the ring topology on k[X ] given by the ?lter of ideals (X n)n∈N.
Lemma 18. The ring topologies TX ¡Tl de>ned on k[X ] satisfy the Zelinsky’s
property.
Proof. It is clear that TX ¡Tl. Let (m)m∈N be a Cauchy sequence with respect to
Tl which converges to zero with respect to TX . By Lemma 16, we have a sequence
(an)n∈N of elements of k such that !m =
∑m
n=0 anX
n is a Cauchy sequence equivalent
to (m)m∈N. Hence (!m) → 0 with respect to TX . Since for each k ∈N there exists
mk such that !m ∈ (X k) for all m ≥ mk , we conclude that a1 = a2 = · · ·= ak = 0. Thus,
!m = 0 for all m∈N and (m) → 0 with respect to Tl.
The inclusion kX ⊂ k[[X ]] corresponds to the natural homomorphism of Propo-
sition 2. The topology Tl can de extended from k[X ] to its completion kX  in a
natural way (see [20, Theorem 5, p.175]). We also call Tl this extended topology; a
neighborhood system of zero neighborhoods is Bˆ= { NUm}m∈N, where
NUm =
{
 =
∞∑
n=2m
anX n ∈ kX  : (j())m ≤ n for all j ≥ 2m
}
:
Lemma 19. The topological ring (k[X ];Tl) is not locally bounded.
Proof. We shall check that there is not a bounded neighborhood Um ∈B. The neighbor-
hood Um is a bounded set if, for each Uk ∈B, there exists Us ∈B such that UsUm⊆Uk .
We show that this is not true. We have that
X 2
m
+ X 3
m
+ · · ·+ X rm ∈Um for all r ≥ 2
and X 2
s ∈Us. The product of these two elements
(s;r = X 2
s+2m + X 2
s+3m + · · ·+ X 2s+rm ∈UsUm:
Let k ¿m. Let us see that for each s, there exists r such that (s;r ∈ Uk . We have that
2s+rm((s;r) = r − 1:
Since k ¿m, there exists r ∈N such that (r − 1)k ¿ 2s + rm. Whence
(2s+rm((s;r))k ¿ 2s + rm
and then (s;r ∈ Uk . Therefore UsUm * Uk .
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In consequence, (kX ;Tl) is neither locally bounded.
I do not know if the ring kX  is Noetherian or a unique factorization domain.
As a matter of curiosity we show some limits in (k[X ];Tl): limn→∞(1 +X 2
n
)n = 1;
if (tn) is an strictly increasing sequence of natural numbers, then limn→∞(1+X tn)n =1
if and only if limn→∞ log(tn)=log(n) = +∞.
Now we present, without proofs, some ring topologies on k[X ] very similar to Tl.
There exists on k[X ] a ring topology Tl;2 which has the fundamental system of zero
neighborhoods {Vs}s∈N, where
Vs =

 =
l∑
n≥es
anX n : (m())s ≤ log(m) for all m ≥ es

 :
The inequality is equivalent to say
log(m())
log(log(m))
≤ 1
s
for all m ≥ es:
The completion of the topological ring (k[X ];Tl;2) is the ring
kX 2=
{
 =
∞∑
n=0
anX n : lim
m→∞
log(m())
log(log(m))
= 0
}
=
{ ∞∑
n=0
anX kn : lim
m→∞
log(log(kn))
log(n)
= +∞; kn ¡kn+1
}
:
The Zelinsky’s property Tl /Tl;2 holds, and it is clear that kX 2⊂ kX .
For each s∈N we call
logs(x) =
s times︷ ︸︸ ︷
log ◦ · · · ◦ log(x):
There is a ring topology Tl; s on k[X ] such that its completion is the ring
kX s=
{
 =
∞∑
n=0
anX n : lim
m→∞
log(m())
logs(m)
= 0
}
:
Notice that sup{Tl; s: s∈N} is another ring topology on k[X ]. We could make further
re?nements; eventually we would arrive to the topology of the following section.
5. The ring k[X ] is complete with a nontrivial ring topology
In this section we introduce another ring topology Tm on k[X ] such that (k[X ];Tm)
is a complete topological ring. If k is a ?nite ?eld, the ring topology Tm is the
maximum one among all nondiscrete HausdorC ring topologies for which the sequence
{X n}n∈N converges to zero. Let F be the collection of all strictly increasing functions
f :N∪ {0} → N∪ {0} with f(0) = 0. The family F is a directed set with the partial
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order f ≥ g if f(n) ≥ g(n) for all n∈N. For each f∈F we de?ne the subset of
k[X ]
Wf =
{
 =
l∑
n=1
anX n :f(m()) ≤ m for all m∈N
}
:
Notice that if =
∑l
n=1 anX
n ∈Wf and m¡f(1) then am =0; hence =
∑l
n=f(1) anX
n.
It is clear that f ≥ g if and only if Wf ⊆Wg.
The set Wf can also be presented as
Wf =
{
l∑
n=1
bnX kn : f(n) ≤ kn ¡kn+1 for all n
}
: (11)
Theorem 20. The family Bm = {Wf}f∈F is a fundamental system of zero neighbor-
hoods for a Hausdor9 ring topology on k[X ]; which we call Tm.
Proof. We are going to show that Bm satis?es properties (1)–(5) in the introduction.
Property (1) is trivial. We show property (5), i.e., the topology Tm is HausdorC.
For each m∈N we choose fm ∈F such that fm(1) = m + 1; it is easy to see that
Wfm ⊆(Xm). Consequently,⋂
f∈F
Wf ⊆
⋂
m∈N
Wfm ⊆
⋂
m∈N
(Xm) = {0}:
We check property (2). For each Wf ∈Bm, we take g∈F such that f(2n) ≤ g(n) for
every n∈N. Let
 =
l∑
n=0
anX n;  =
l∑
n=0
bnX n ∈Wg:
We have that m( + ) ≤ m(m) + m() ≤ 2 max{m(); m()}. Therefore,
f(m( + )) ≤ f(2 max{m(); m()}) ≤ g(max{m(); m()}) ≤ m
for all m∈N. Thus  + ∈Wf, and Wg + Wg⊆Wf.
We show property (3). For each Wf ∈Bm, we take g∈F such that f(n2) ≤ g(n)
for every n∈N. Let , ∈Wg. We have that m() ≤ m()m() ≤ (max{m();
m()})2; hence
f(m()) ≤ f((max{m(); m()})2) ≤ g(max{m(); m()}) ≤ m
for all m∈N. Therefore ∈Wf, and WgWg⊆Wf.
Finally, let us prove property (4). For Wf ∈Bm and P(X )∈ k[X ] of degree j−1, we
take g∈F such that f(jn) ≤ g(n) for all n∈N. For ∈Wg, then m(P(X )) ≤ jm(),
and
f(m(P(X ))) ≤ f (jm()) ≤ g(m()) ≤ m:
Thus, P(X )∈Wf and P(X )Wg⊆Wf.
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The topology Tm does not ful?ll the ?rst axiom of countability. Nevertheless, the
topological ring (k[X ];Tm) has nontrivial converging sequences; we are going to ana-
lyze their structure. For every polynomial P(X )∈ k[X ], we de?ne ((P(X )) to be the
number of nonzero monomials of P(X ).
Lemma 21. Let (Pn(X ))n∈N be a sequence of polynomials which converges to zero
in (k[X ];Tm). Then there exists a constant K ∈N such that ((Pn(X )) ≤ K for all
n∈N.
Proof. We argue by the way of contradiction; we suppose that {((Pn(X ))}n∈N is
an in?nite set. Let us choose a subsequence (Qn(X ))n∈N of (Pn(X ))n∈N such that
((Qn(X )) ≥ n for all n∈N. Let tn = degree(Qn(X )), then tn(Qn(X )) ≥ n. We take
a strictly increasing function f∈F such that f(n)¿ 2tn for all n∈N, and consider
Wf ∈Bm. We get
f(tn(Qn(X ))) ≥ f(n)¿ 2tn;
then Qn(X ) ∈ Wf for all n∈N. Consequently (Qn(X ))n∈N does not converge to zero,
and we get a contradiction.
An example of a sequence converging to zero in (k[X ];Tm) is {X n + X 3n}n∈N.
Lemma 22. Let (Pn(X ))n∈N be a Cauchy sequence of polynomials in (k[X ];Tm).
Then there exists a constant K ∈N such that ((Pn(X )) ≤ K for all n∈N.
Proof. By the way of contradiction, let us suppose that {((Pn(X ))}n∈N is an in?nite
set. We choose a subsequence (Qn(X ))n∈N of (Pn(X ))n∈N such that ((Qn+1(X ))¿
((Qn(X )) for all n∈N. Thus ((Q2n) ≥ ((Qn) + n for all n∈N, and ((Q2n −Qn) ≥ n
for all n∈N. On the other hand, (Q2n − Qn)n∈N converges to zero; applying Lemma
21, we obtain a natural number K such that ((Q2n − Qn) ≤ K for all n∈N, and we
get a contradiction.
We have denoted by TX the ring topology on k[X ] given by the ?lter of ideals
(X n)n∈N. We say that a polynomial R(X ) is a split summand of another polynomial
P(X )∈ k[X ] if P(X ) = R(X ) + S(X ), where the polynomials R(X ) and S(X ) do not
have nonzero monomials of the same degree. If, in adition, R(X ) is a monomial, we
say that R(X ) is a monomial of P(X ).
Lemma 23. If P(X )∈Wf and R(X ) is a split summand of P(X ); then R(X )∈Wf
also.
Proof. Straightforward.
Lemma 24. The ring topologies TX ¡Tm on k[X ] satisfy the Zelinsky’s property.
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Proof. Let {i}i∈I be a Cauchy net for Tm that converges to zero for TX . We reason
by the way of contradiction. If {i}i∈I does not converge to zero for Tm, then there
exists f∈F and a co?nal subset of indices J ⊂ I such that j ∈ Wf for all j∈ J .
There exists k ∈ I such that j − i ∈Wf for all i; j ≥ k. Let degree(k) = h. Since
{i}i∈I → 0 with respect to TX , there exists j∈ J , j ≥ k such that j ∈ (X h+1). Thus
j and −k have no monomials of the same degree, i.e., they are split summands of
j − k . Since j − k ∈Wf, we get that j ∈Wf, and a contradiction.
Lemma 25. Let {i}i∈I be a Cauchy net on (k[X ];Tm). Let bX k be a monomial such
that the set of indices
J = {i∈ I : bX k is a monomial of i}
is co>nal in I . Then; there exists j∈ I such that J ⊇{i∈ I : i ≥ j}.
Proof. The net {i}i∈I is also Cauchy with respect to the topology TX . There exists
l∈ I such that j−i ∈ (X k+1) for all j; i ≥ l. Since there is some j ≥ l such that bX k
is a monomial of j, then bX k is also a monomial of i for all i ≥ l.
Lemma 26. Let {i}i∈I be a Cauchy net in (k[X ];Tm). Let S be the set of nonzero
monomials bX k for which the set of indices J = {i ∈ I : bX k is a monomial of i} is
co>nal in I . Then S is a >nite set.
Proof. By the previous lemma, if a monomial bX k ∈ S, then there exists ik ∈ I such
that bX k is a monomial of i for all i ≥ ik . We reason by contradiction. We suppose
that S is an in?nite set. The set S has, at most, one monomial of each degree; then
S = {bnX kn : n∈N} with kn ¡kn+1 for all n:
We choose f∈F such that f(n=2)¿kn for all n∈N. We consider Wf ∈Bm. There
exists t ∈ I such that i − j ∈Wf for all i; j ≥ t. Let degree (t) = m and l¿ 2m + 1.
There exists j¿ t such that all the monomials {bnX kn : n= 1; : : : ; l} are monomials of
j. Thus,
j =
l∑
n=1
bnX kn + Q(X );
where Q(X ) is a sum of monomials of other degrees. We gather that
f(kl(j − t)) ≥ f(l− m) ≥ f(l=2)¿kl;
then j − t ∈ Wf, and we arrive to a contradiction.
Theorem 27. The topological ring (k[X ];Tm) is complete.
Proof. Let {i}i∈I be a Cauchy net. Let S be the set of nonzero monomials bX k for
which the set of indices {i∈ I : bX k is a monomial of i} is co?nal in I . By Lemma 26,
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S is a ?nite set whose monomials have distinct degree. Then
S = {bnX kn : n = 1; : : : ; m};
we de?ne the polynomial
P(X ) =
m∑
n=1
bnX kn
and i = i − P(X ). It su6ces to show that {i}i∈I → 0 with respect to Tm.
For each Wf ∈Bm, there exists t ∈ I such that i − j ∈Wf for all i; j ≥ t. There
exists i0 ∈ I , i0 ≥ t, such that i and t do not have common nonzero monomials for
all i ≥ i0. Hence, by Lemma 23, i − t ∈Wf implies that i ∈Wf for all i ≥ i0. Thus
{i}i∈I → 0, and {i}i∈I converges to P(X ).
Theorem 28. Let k be a >nite >eld. The ring topology Tm is the maximum one
among the ring topologies on k[X ] for which the sequence {X n}n∈N converges to
zero.
Proof. Suppose, by the way of contradiction, that there exists another ring topology
T for which X n → 0 and T Tm. Then there exists a neighborhood of zero V for
T, such that Wf ⊂V for all f∈F. There exists a family of neighborhoods of zero
{Un}n≥0 for T which satis?es the following conditions: U0 = V ; Un+1 + Un+1 ⊆Un,
(k \ {0})Un+1 ⊆Un for all n ≥ 0.
Since X n → 0 with respect to T, for each n∈N, there exists tn such that Xm ∈Un+1
for all m ≥ tn. We choose the numbers tn such that tn ¡ tn+1 for all n. We also have
that aXm ∈Un for all m ≥ tn and all a∈ k.
We inductively get
U1 + U1 ⊆U0;
U1 + U2 + U2 ⊆U0;
: : : : : :
U1 + U2 + · · ·+ Ul + Ul⊆U0 for all l∈N:
Hence, every polynomial
P(X ) =
l∑
n=1
anX sn with tn ≤ sn ¡ sn+1 (12)
satis?es that P(X )∈U0. We consider f∈F such that f(n) = tn for all n∈N. Taking
into account (11), we conclude that every polynomial in Wf ful?lls conditions (12).
Thus Wf ⊆U0, and we get a contradiction.
Protasov remarks that we have proved, in fact, that Tm is also the strongest k-module
topology on k[X ] among those for which the sequence {X n}n∈N converges to zero.
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Theorem 29. Let k be a prime >nite >eld. The topology Tm is the maximum one
among the group topologies on (k[X ];+) for which the sequence {X n}n∈N converges
to zero.
Proof. Consider in the above proof that now, in order to get the family {Un}n≥0, we
only need T to be a group topology.
If k is an in?nite ?eld, the ring topology Tm is not the maximum one on k[X ]
satisfying that X n → 0. We consider the ring topology de?ned by Cohen [5, Theorem
2], which is not coarser than Tm, but {X n}n∈N converges to zero for Cohen’s topology.
Consequently, the least upper bound of these two topologies is ?ner than Tm, and we
also have that X n → 0.
The idea is that, if k is in?nite, we can impose some restrictions on the coe6cients
b∈ k of the monomials bX n in order to get smaller neighborhoods of zero.
For any countable ?eld k, Lemma 9 implies that the ring topology Tm is not maximal
on k[X ]. For any ?eld k, Marcos [14] constructs a ring topology T7 on k[X ] for which
X n! → 0 but X n 9 0. This topology T7 is not weaker than Tm. We consider the least
upper bound of the topologies T7 and Tm, and we conclude again that the ring topology
Tm is not maximal on k[X ].
6. Lacunar p-adic ring topologies on Z
Let p be a prime integer. In this section, we introduce a subring .p of the ring
of p-adic integers Zp, which is a completion of Z with respect to a ring topology Tl
?ner than the p-adic topology. The construction is analogous to that we have done
in Section 4 for the ring k[X ]. We shall skip some proofs, since they are similar to
the corresponding ones in Section 4. The main diCerence is the nonuniqueness of the
representation of the elements in the ring .p.
We consider elements =
∑∞
n=0 anp
n ∈Zp, with an ∈Z and |an|¡p. The m-density
of these elements is m() = #{n ≤ m : an = 0}. We de?ne the following subset of Zp:
.p =
{
 =
∞∑
n=0
anpn: |an|¡p; lim
n→∞
log(m())
log(m)
= 0
}
: (13)
This set .p has the sum and product inherited from Zp.
Theorem 30. .p is a subring of Zp.
Proof. Let =
∑∞
n=0 anp
n; =
∑∞
n=0 bnp
n ∈.p. The digits satisfy |an|; |bn| ∈ {0; 1; : : : ;
p − 1}. We consider  +  =∑∞n=0(an + bn)pn. But now, if |an + bn| ≥ p, we must
carry ±1 to the following coe6cient; in this case
(an + bn)pn = (an + bn ∓ p)pn ± pn+1:
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It is clear that m(+) ≤ 2(m() +m()); thus limm→∞ log(m(+))=log(m) = 0,
and  + ∈.p.
Consider the product
 =
∞∑
n=0
( ∑
i+j=n
aibj
)
pn:
We rewrite it in order to ?t de?nition (13). Note that∣∣∣∣∣ ∑
i+j=n
aibj
∣∣∣∣∣ ≤ (n + 1)(p− 1)2:
The p-adic development of (n+ 1)(p− 1)2 has, at most, 3 + logp (n+ 1) digits. Then
|∑i+j=n aibj|, written as a p-adic development, has at most kn =3+logp(n+1) digits,
that is
∑
i+j=n
aibj =±
kn∑
l=1
clpl; where cl ∈{0; 1; : : : ; p− 1}:
We must also take into account the carrying of ±1 in the sum
 =
∞∑
n=0
(
±
kn∑
l=1
clpl
)
pn:
Hence have the bounds m() ≤ 2(3 + logp (m + 1))m()m(). Therefore
limm→∞ log(m())=log(m) = 0, and ∈.p.
The ring .p can also be written in the following way:
.p =
{ ∞∑
n=0
anpkn : |an|¡p; kn ¡kn+1; lim
n→∞
log(kn)
log(n)
= +∞
}
; (14)
where (kn)n∈N is a strictly increasing sequence of natural numbers.
The elements of .p have no unique representation when they are written as in (13);
for example (1−p)pn +pn+2 =pn +(p−1)pn+1. Nevertheless, there is a quasi-unique
representation which we show below.
Lemma 31. Let ∈.p written in two ways  =
∑∞
n=0 anp
n =
∑∞
n=0 bnp
n that sat-
isfy conditions (13). Then there exist in>nitely many m∈N such that ∑mn=0 anpn =∑m
n=0 bnp
n.
Proof. We denote  =
∑∞
n=0 anp
n and  =
∑∞
n=0 bnp
n,  = . For each s∈N, there
exists ns ¿ s such that m() ≤ m1=s and m() ≤ m1=s, for all m ≥ ns. Then the ratio
of the number of coe6cients an with index less than or equal to m by the number of
nonzero coe6cients an = 0 with index less than or equal to m is bounded by
m
m1=s
= m(s−1)=s:
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The same result holds for the coe6cients bn. Therefore, the ratio of the number of
coe6cients an with index less than or equal to m by the number of nonzero coe6cients
an = 0 or bn = 0 with index less than or equal to m is bounded by
m
2m1=s
=
m(s−1)=s
2
:
Hence, there are in?nitely many r ∈N such that
an = bn = 0 for all n∈{r − r(s−1)=s=3 + 1; : : : ; r}:
Let r be one among these, and t = r − r(s−1)=s=3. We have that∣∣∣∣∣
t∑
n=0
anpn −
t∑
n=0
bnpn
∣∣∣∣∣=
∣∣∣∣∣
∞∑
n=r
anpn −
∞∑
n=r
bnpn
∣∣∣∣∣ :
If
∣∣∑t
n=0(an − bn)pn
∣∣ = 0, we have the bounds∣∣∣∣∣
t∑
n=0
(an − bn)pn
∣∣∣∣∣ ≤ 2pt+2; and
∣∣∣∣∣
∞∑
n=r
(an − bn)pn
∣∣∣∣∣ ≥ pr ≥ 2pr−1:
But t + 2 = r − r(s−1)=s=3 + 2¡r − 1 for r big enough, and we get a contradiction.
Thus |∑tn=0(an − bn)pn|= 0 for in?nitely many t ∈N.
Corollary 32. Let  =
∑∞
n=0 anp
n ∈.p be represented according to (13). If  = 0;
then there are in>nitely many m∈N such that ∑mn=0 anpn = 0.
As we did in Section 4, it can be proven that the ring .p is the completion of Z
with respect to a ring topology Tl. A neighborhood basis at zero for this topology is
B= {Um}m≥2, where
Um =
{
a =
t∑
n=2m
anpn: |an|¡p; (s(a))m ≤ s for all s ≥ 2m
}
:
Allowing for formula (14), we obtain another neighborhood basis at zero B2={Wm}m≥2
for the topology Tl, where
Wm =
{
t∑
n=m
bnpkn : |bn|¡p; kn+1 ¿kn ≥ nm for all n ≥ m
}
:
The ring topology Tl is ?ner than the p-adic topology Tp on Z, and both satisfy
Zelinsky’s property, i.e., Tp /Tl.
In [15,1], it is shown that every locally bounded ring topology on Z is an ideal
topology, that is, it has a neighborhood basis at zero consisting of ideals (see also
[22;3, p.117;21, p. 465]). Consequently (Z;Tl) is not locally bounded, neither its
completion (.p; Tˆl).
The same construction can be done in any discrete valuation ring with ?nite residue
?eld or in some ?rst countable topological rings (R;T) with a basis of zero neighbor-
hoods {I n}n∈N consisting on the powers of an ideal I .
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In the same way as we did at the end of Section 4, we can de?ne other ring
topologies on Z. For example, we de?ne the ring topology Tl;2, with the fundamental
system of zero neighborhoods {Vs}s∈N, where
Vs =

a =
t∑
n≥es
anpn: |an|¡p; (m(a))s ≤ log(m) for m ≥ es

 :
The completion of the topological ring (Z;Tl;2) is the ring
.p;2 =
{
 =
∞∑
n=0
anpn: |an|¡p; lim
m→∞
log(m())
log(log(m))
= 0
}
:
According to Mahler’s de?nition [12, p. 56], a p-adic integer ∈Zp is said to be a
Liouville number if there exists a sequence of distinct rational integers (bn)n∈N and a
strictly increasing sequence of positive integers (sn)n∈N, such that
0¡ |− bn|p¡ |bn|−sn
for all n∈N. Every Liouville number is transcendental.
The ring .p;2 can also be written as
.p;2 =
{ ∞∑
n=0
anpkn : |an|¡p; kn ¡kn+1; lim
n→∞
log(log(kn))
log(n)
= +∞
}
:
Theorem 33. Every element ∈.p;2 \ Z is a Liouville number.
Proof. Let  =
∑∞
n=0 anp
kn ∈.p;2 \ Z. We may assume that an = 0 for all n ≥ 1. We
show that there are in?nitely many n∈N such that kn+1 ¿nkn. We prove this by the
way of contradiction. If there were m∈N such that kn+1 ≤ nkn for all n ≥ m, then
kn ≤ n!km for all n∈N. Hence,
log(log(kn))≤ log(log(n!km)) = log
(
n∑
n=1
log n + log(km)
)
≤ log(n) + log(log(n)) + log(km)
and limn→∞ log(log(kn))=log(n) = ∞; which is an absurd. If we de?ne bn=
∑n
i=0 aip
ki ,
the inequality |bn| ≤ 2pkn+2 holds. There are in?nitely many n∈N such that
|− bn|p =
∣∣∣∣∣
∞∑
i=n+1
aipki
∣∣∣∣∣
p
≤ p−kn+1 ≤ (2pkn+2)−n=3 ≤ |bn|−n=3:
Therefore  is a Liouville number.
7. Z is complete with a ring topology ner than the p-adic topology
Now, we present a ring topology Tm on Z which is the maximum one among
all nondiscrete HausdorC ring topologies for which the sequence (pn)n∈N converges
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to zero. The topological ring (Z;Tm) is complete. The notation and the proofs are
analogous to the corresponding ones in Section 5 for (k[X ];Tm), k a prime ?nite ?eld.
The ring topology Tm on Z has a neighborhood basis at zero Bm={Wf}f∈F, where
Wf =
{
a =
l∑
n=1
anpn: |an|¡p; f(m(a)) ≤ m for all m∈N
}
:
According to [25], we denote this complete topological ring by Z{pn}. This topology
is also the maximum group topology on (Z;+) among those for which the sequence
(pn)n∈N converges to zero; after the same consideration as in Theorem 29. If p = 2,
this topology is the one constructed by Nienhuys [18], and also is the topology given
by Zelenyuk and Protasov in [24, Example 3, Section 3].
8. k(X ) is complete with a nontrivial ring topology
We present a ring topology T% on k(X ). If k is a ?nite ?eld, the ring topology
T% is the maximum one among all nondiscrete ring topologies for which the sequence
{X n}n∈N converges to zero, and (k(X );T%) is a complete topological ring. Let F be
the collection of functions f: Z→ N ∪ {0} such that f(n) = 0 for n ≤ 0; f(N)⊆N,
and f|N is strictly increasing. We say that f ≥ g if f(n) ≥ g(n) for all n∈N. For
each f∈F we de?ne the neighborhood of zero
Wf =
{
 =
l∑
n=1
an(X )
bn(X )
X n: f(m()) ≤ m; f(deg(bn)) ≤ n;
f(deg(an)− deg(bn)) ≤ n; for all n; m∈N
}
; (15)
where the m-density is now de?ned as m() = #{n ≤ m: an(X ) = 0}. Notice that, if
=
∑l
n=1(an=bn)X
n ∈Wf, then =
∑l
n=f(1)(an=bn)X
n. It is clear that f ≥ g if and only
if Wf ⊆Wg.
We now consider in k(X ) the real valuation∣∣∣∣P(X )Q(X )
∣∣∣∣
∞
= edeg(P)−deg(Q)
and we de?ne deg(P=Q) = log|P=Q|∞ = deg(P)− deg(Q).
Theorem 34. The family B% = {Wf}f∈F is a fundamental system of zero neighbor-
hoods for a Hausdor9 ring topology on k(X ); which we call T%.
Proof. We are going to show that B% satis?es properties (1)–(5). Property (1) is
trivial. We show property (5), i.e., the topology T% is HausdorC. For each m∈N we
choose fm ∈F de?ned as fm(n) = 2m(n+ 1); it is easy to see that Wfm ⊆(Xm), where
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(Xm) means the fractional ideal in k(X ) consisting on those f=g such that /X (f=g) ≥ m.
Consequently,⋂
f∈F
Wf ⊆
⋂
m∈N
Wfm ⊆
⋂
m∈N
(Xm) = {0}:
In the sequel, the considerations about the m-density m are analogous to those in the
proof of Theorem 20, and we omit them. We check property (2). For each Wf ∈B%,
we take g∈F such that f(2n) ≤ g(n) for every n∈N. Let
 =
l∑
n=1
an(X )
bn(X )
X n;  =
l∑
n=1
cn(X )
dn(X )
X n ∈Wg:
Their sum is
 +  =
l∑
n=1
andn + cnbn
bndn
X n;
since deg(bndn) ≤ 2 max{deg(bn); deg(dn)}, we get the bound
fdeg(bndn)) ≤ f(2 max{deg(bn); deg(dn)})
≤ g(max{deg(bn); deg(dn)}) ≤ n:
Since deg(andn + cnbn)− deg(bndn) ≤ max{deg(an)− deg(bn); deg(cn)− deg(dn)}, we
get the bound
f(deg(andn + cnbn)− deg(bndn))
≤ g(max{deg(an)− deg(bn); deg(cn)− deg(dn)}) ≤ n:
Consequently, Wg + Wg⊆Wf.
We show property (3). For each Wf ∈B%, we take g∈F such that f(2n2) ≤ g(n)
for all n∈N. Let ; ∈Wg; we consider their product
 =
2l∑
n=2
( ∑
i+j=n
ai
bi
cj
dj
)
X n:
We set
en
tn
=
∑
i+j=n
ai
bi
cj
dj
:
We de?ne $n = max{deg(bi); deg(dj): i; j∈{1; : : : ; n}}. Hence
deg(tn) ≤ deg
( ∏
i+j=n
bidj
)
≤ n()(2$n):
We have g(n()) ≤ n and g($n) ≤ n. Let ( = max(n(); $n). Therefore,
f(deg(tn)) ≤ f(n()2$n) ≤ f(2(2) ≤ g(() ≤ n:
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Moreover, we de?ne
0n = max{deg(ai)− deg(bi): i = 1; : : : ; n};
1n = max{deg(cj)− deg(dj): j = 1; : : : ; n}:
Hence, we have that deg(en)− deg(tn) ≤ 0n + 1n ≤ 2max(0n; 1n), and
f(deg(en)− deg(tn)) ≤ f(2max(0n; 1n)) ≤ g(max(0n; 1n)) ≤ n:
Therefore, WgWg⊆Wf.
Let us show property (4). For Wf ∈B% and P=Q∈ k(X ) such that deg(Q) = k and
deg(P)− deg(Q) = s, let j= max{k; s}+ 1. We take g∈F such that f(jn) ≤ g(n) for
every n∈N. The inclusion P=QWg⊆Wf holds.
The neighborhoods Wf can also be written in the following way:
Wf =
{
l∑
n=1
an
bn
X kn : f(n) ≤ kn ¡kn+1; f(deg(bn)) ≤ kn;
f(deg(an)− deg(bn)) ≤ kn; for all n∈N
}
: (16)
Theorem 35. Let k be a >nite >eld. The ring topology T% is the maximum one among
the ring topologies on k(X ) for which the sequence {X n}n∈N converges to zero.
Proof. Suppose, by the way of contradiction that there exists a ring topology T for
which X n → 0 and TT%. Then there exists a neighborhood V of zero for T such
that Wf ⊂V for all f∈F. For each n∈N we consider the set
Sn =
{
an(X )
bn(X )
: deg(bn) ≤ n; deg(an)− deg(bn) ≤ n
}
;
which is ?nite. There exists a family of neighborhoods of zero {Vn}n≥0 for T which
satis?es the following conditions: V0 =V ; Vn+1 +Vn+1 ⊆Vn; Vn+1 ⊆Vn; Sn+1Vn+1 ⊆Vn
for all n ≥ 0.
Since X n → 0 with respect to T, for each n∈N, there exists tn such that Xm ∈Vn+1
for all m ≥ tn. We choose the numbers tn such that tn ¡ tn+1 for all n. We also have that
Sn+1Xm⊆Vn for all m ≥ tn; Sr+1Xm⊆Vn for all r ¿n and m ≥ tr :
We inductively get
V1 + V1 ⊆V0;
V1 + V2 + V2 ⊆V0;
: : : : : :
V1 + V2 + · · ·+ Vl−1 + Vl + Vl⊆V0 for all l∈N:
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Hence, every element of the form
l∑
n=1
an
bn
X sn : tn ≤ sn ¡ sn+1; deg(bn) ≤ r + 1; deg(an)− deg(bn) ≤ r + 1;
where r = max{j: tj ≤ sn}; (17)
belongs to V0. We consider f∈F such that f(n)= tn for all n∈N. For ∈Wf, taking
into account (16), we write
 =
l∑
n=1
an
bn
X kn : f(n) = tn ≤ kn ¡kn+1:
For each kn we consider tr ≤ kn ¡ tr+1; since f(deg(bn)) ≤ kn and f(deg(an) −
deg(bn)) ≤ kn, then deg(bn)¡r+1 and deg(an)−deg(bn)¡r+1. Therefore  ful?lls
the conditions (17) and ∈V0. Thus Wf ⊆V0 and we get a contradiction.
Corollary 36. If k is a >nite >eld; then (k(X );T%) is a complete topological ring.
Proof. It is a consequence of Theorems 8 and 35.
8.1. If k is >nite, (k(X );T%) is a complete topological ring
Let k be a ?nite ?eld. Since I have only a partial knowledge of the announcement
[24], we shall give a self-contained proof of the fact that the topological ring (k(X );T%)
is sequential and complete. We follow a development similar to that in [25]. We de?ne
another two bases of zero neighborhoods for T%. For each f∈F, let
Xf =
{
l∑
n=1
an
bn
X kn : f(n) ≤ kn; f(deg(bn)) ≤ kn;
f(deg(an)− deg(bn)) ≤ kn; for all n∈N
}
: (18)
Notice that the only diCerence with the neighborhood Wf de?ned in (16) is that now
we do not require that kn ¡kn+1. And for each f∈F, we set
Yf =
{
l∑
n=1
an
bn
X kn : f(n) ≤ kn; deg(bn) ≤ n; deg(an)− deg(bn) ≤ n
}
: (19)
For a function f∈F, which need not be onto, and m∈N we de?ne f−1(m) =
max{n∈N :f(n) ≤ m}. Notice that f(f−1(m)) ≤ m.
Lemma 37. The family BX = {Xf}f∈F is a basis of zero neighborhoods for the ring
topology T% on k(X ).
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Proof. It is obvious that Wf ⊂Xf for all f∈F. For each f∈F, we choose g∈F
such that f(n2) ≤ g(n) for all n∈N. We check that Xg⊆Wf. Given
 =
l∑
n=1
an
bn
X kn ∈Xg; (20)
we rearrange the indices in order to have kn ≤ kn+1 for all n. After this rearrangement,
the element  also satis?es conditions (18). Consequently, we assume that the terms
in (20) ful?ll kn ≤ kn+1. We group the terms which have equal exponent kn. That is,
if kn−1 ¡kn = kn+1 = · · ·= kn+s ¡ kn+s+1, we sum the terms
s∑
i=0
an+i
bn+i
X kn =
∑s
i=0 an+i=bn+i
∏s
i=0 bn+i∏s
i=0 bn+i
X kn :=
cn
dn
X kn
and we set cn+1 = · · ·= cn+s = 0 and dn+1 = · · ·=dn+s = 1. Thus, with these new terms,
we have
 =
l∑
n=1
cn
dn
X kn :
We check that , written in this way, satisfy the requirements for occurring in Wf.
First, it obvious that f(n) ≤ g(n) ≤ kn. Second, since
deg(cn)− deg(dn) = deg
(
s∑
i=0
an+i=bn+i
s∏
i=0
bn+i
)
− deg
(
s∏
i=0
bn+i
)
≤max{deg(an+i)− deg(bn+i) : i = 0; : : : ; s};
the corresponding bound also holds. We check the bound for the degree of the denom-
inator. We have that
deg
(
s∏
i=0
bn+i
)
=
s∑
i=0
deg(bn+i) ≤ (n + s)g−1(kn+s) ≤ (g−1(kn+s))2 = (g−1(kn))2;
thus
f
(
deg
(
s∏
i=0
bn+i
))
≤ f((g−1(kn))2) ≤ g(g−1(kn)) ≤ kn:
Consequently ∈Wf.
Lemma 38. The family BY ={Yf}f∈F is another neighborhood basis at zero for the
ring topology T% on k(X ).
Proof. We consider the neighborhood basis at zero BX ={Xf}f∈F. It is easy to check
that Yf ⊆Xf for all f∈F. For each f∈F we choose g∈F such that g(n) ≥ f(2n)
for all n∈N. We check that Xg⊆Yf. Let  =
∑l
n=1 an=bnX
kn ∈Xg. We shall write
this element as  =
∑m
s=1 cs=dsX
ts , where the coe6cients cs; ds; ts are to be de?ned by
reassigning the indices of the original coe6cients an; bn; kn. We proceed inductively as
follows: for each n we call rn = max{deg(an)− deg(bn); deg(bn)}.
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If r1 ≤ 1, then we set c1 = a1, d1 = b1 and t1 = k1. If r1 ¿ 1, then we call s = r1
and set cs = a1, ds = b1 and ts = k1.
If we have reassigned the coe6cients ai=biX ki for i = 1; : : : ; n− 1, we de?ne the set
Sn−1 = {s∈N : cs = ai and ds = bi and ts = ki, for some i = 1; : : : ; n− 1} consisting of
the indices ‘s’ used in the reassignments of the n− 1 previous steps, and we consider
three cases:
• If rn ¿n, then we choose the least natural number s such that s ≥ rn and s ∈ Sn−1.
Consequently s ≤ rn + n¡ 2rn.
• If rn ≤ n and n ∈ Sn−1, then we set s = n.
• If rn ≤ n and n∈ Sn−1, then we choose the least natural number s such that s ≥ n
and s ∈ Sn−1. Consequently s ≤ 2n.
In the three cases we set cs = an, ds = bn and ts = kn.
We get Sl = {s∈N : cs = ai and ds = bi and ts = ki, for some i = 1; : : : ; l}. Let
m = max(Sl); for the natural numbers s such that s¡m and s ∈ Sl we set cs = 0,
ds = 1 and ts = f(s). Therefore, we have that
 =
m∑
s=1
cs
ds
X ts ;
where deg(ds) ≤ s, deg(cs)− deg(ds) ≤ s. Since ts = kn, we have that
f(s) ≤ f(max{2rn; 2n}) ≤ g(max{rn; n}) ≤ kn = ts:
We conclude that ∈Yf and Xg⊆Yf.
We now introduce some compact subsets of k(X ). For t; n∈N, we de?ne
t; n=
{
a(X )Xm
b(X )
:m ≥ t; deg(b) ≤ n; deg(a)− deg(b) ≤ n
}
:
Every in?nite set contained in t; n can be expressed as a sequence converging to
zero, and so t; n is a compact set whose only accumulation point is zero. If we have
numbers t1; : : : ; ts and n1; : : : ; ns, then t1; n1 + · · · + ts; ns is also a compact set in
(k(X );T%). For each f∈F, it is easy to check that
Yf =
∞⋃
s=1
(
s∑
n=1
f(n); n
)
: (21)
We introduce another subsets of k(X ); for each l∈N we de?ne
Al = 1; 1+ 1; 2+ · · ·+ 1; l
=
{
l∑
n=1
an(X )
bn(X )
Xm :m∈N; deg(bn) ≤ n; deg(an)− deg(bn) ≤ n
}
; (22)
which is a compact set. The following facts are easy to check: k(X )=
⋃
l∈N Al; Al⊆Am
if m ≥ l; and Al + As⊆Al+s for all l; s∈N.
J.E. Marcos / Journal of Pure and Applied Algebra 162 (2001) 53–85 79
Lemma 39. Let (hn)n∈N be a sequence converging to zero in (k(X );T%). Then there
exists l∈N such that hn ∈Al for all n but a >nite number.
Proof. We reason by the way of contradiction. We may assume that hn ∈ An for all
n, after passing to subsequences if required. We shall construct a neighborhood of
zero Yf not containing any value of the sequence (hn), which it is an absurd. We
de?ne Xn = {hi : hi ∈An}; obviously Xn is ?nite for each n. Since k(X ) =
⋃
n∈N An,
then {hn}n∈N⊆
⋃
n∈N Xn. We choose t1 ∈N such that X1 ∩t1; 1= ∅. If X2 ∩ (t1; 1+
m; 2) = ∅ for all m¿t1, then, since X2 is ?nite, there exists an element ∈ k(X )
satisfying ∈X2 ∩ (t1; 1 + m; 2) for all m¿t1. This means  = m + 4m, where
m ∈ t1; 1 and 4m ∈ m; 2 for all m¿t1. Since 4m → 0, then m → . The set t1; 1
is compact, then ∈ t1; 1⊆A1, so ∈X1 ∩ t1; 1; but this contradicts the choice of
t1. Hence there exists t2 ¿t1 satisfying X2 ∩ (t1; 1 + t2; 2) = ∅. Continuing in the
same manner, at the sth step we ?nd ts ¿ ts−1 such that
Xs ∩ (t1; 1+ t2; 2+ · · ·+ ts; s) = ∅:
We choose f∈F such that f(n) = tn for all n∈N. Using equality (21), we conclude
that (
⋃
s∈N Xs) ∩ Yf = ∅ and {hn}n∈N ∩ Yf = ∅, which it is an absurd.
The following result is stated in a general form in [25].
Lemma 40. The topological ring (k(X );T%) is sequential.
Proof. We reason by the way of contradiction. If (k(X );T%) is not sequential, then
there exists a sequentially closed set F such that 0∈ NF \ F . There is not any sequence
with their values in F converging to zero. Then there exists t1 ∈N such that t1; 1 ∩
F = ∅. If we assume that F ∩ (t1; 1+ m; 2) = ∅ for all m¿t1, then there exist
m ∈F ∩ (t1; 1+ m; 2) for all m¿t1:
We have that m = m + 4m with m ∈ t1; 1 and 4m ∈ m; 2. Thus the sequence
(4m) → 0, and since t1; 1 is compact, after taking a subsequence, we get that (m) →
∈ t1; 1. Then (m) → ∈ t1; 1. As F is sequentially closed, then ∈F , which
contradicts the fact that F ∩ t1; 1= ∅. Therefore there exists t2 ¿t1 such that
F ∩ (t1; 1+ t2; 2) = ∅:
In the same way, we get a strictly increasing sequence of natural numbers t1 ¡t2 ¡ · · ·
¡ts such that
F ∩ (t1; 1+ t2; 2+ · · ·+ ts; s) = ∅
for all s∈N. We de?ne f∈F such that f(n) = tn for all n∈N. Using the equality
(21), we conclude that F ∩ Yf = ∅ and 0 ∈ NF , which is a contradiction.
Theorem 41. The topological ring (k(X );T%) is complete.
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Proof. We reason by the way of contradiction. We assume that (i)i∈I is a Cauchy net
without limit. We enumerate the ?eld k(X )={4n}n∈N. For each n∈N we consider the
Cauchy net {4n− i}i∈I , which has no limit. The sets An de?ned in (22) are compact.
Hence, for all n∈N, there exist in ∈ I such that the set
Sn = {4n − i : i ≥ in}= 4n − {i : i ≥ in}
satis?es Sn ∩ An = ∅. Let S =
⋃
n∈N Sn; since 0 ∈ Sn for all n, then 0 ∈ S. Let us
show that 0∈ NS. Let Yf ∈BY be a neighborhood of zero; there exists if ∈ I such that
i − j ∈Yf for all i; j ≥ if. We ?x j¿ if, then there exists 4n such that 4n = j. Let
i ≥ sup{if; in}, we have that 4n−i ∈Yf and 4n−i ∈ Sn⊆ S; consequently S ∩Yf = ∅
and 0∈ NS.
Since S is not closed and (k(X );T%) is sequential, there exists a sequence (hn)n∈N
contained in S which converges to an element h ∈ S. Considering that each Sn is
closed and S =
⋃
n∈N Sn, we get a subsequence (hm)m∈N such that hm ∈ Sn(m), with
n(m + 1)¿n(m) for all m. By Lemma 39, there exists l such that hm − h∈Al for
all m ≥ ml. Since k(X ) =
⋃
l∈N Al, there exists t such that h∈At . Thus hm = (hm −
h) + h∈Al + At = Al+t for all m ≥ ml. As hm ∈ Sn(m), then hm ∈ An(m). We reach a
contradiction for n(m)¿l + t.
Finally, we present another basis of zero neighborhoods for T%, for each f∈F we
de?ne a subset of k(X ),
Zf =
{
l∑
n=1
an
bn
X sn : an ∈ k; deg(bn) ≤ n; f(n) ≤ sn
}
:
Lemma 42. The family BZ = {Zf}f∈F is a neighborhood basis at zero for the ring
topology T% on k(X ).
Proof. It su6ces to check that, for every f; g∈F such that g(n) ≥ f(n3), we have
Zf ⊆Yf and Yg⊆Zf.
8.2. The >eld topology corresponding to T%
We consider in k(X ) the ?eld topology obtained from T% whose neighborhood basis
at zero is
B1 =
{
Wf
1 + Wf
:f∈F; −1 ∈ Wf
}
:
We call this ?eld topology T1; it is the maximum ?eld topology on k(X ) among those
in which the sequence {X n}n∈N → 0. I do not know which topology is T1. Maybe, it
coincidies with the ?eld topology TX furnished by the X -adic valuation on k(X ). That
would be equivalent to saying the following: if the ?eld k is ?nite and T is a ?eld
topology on k(X ) which satis?es TX /T and X n → 0 with respect T, then TX =T.
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9. Q is complete with a ring topology ner than a p-adic topology
Let p be a prime number. As we did in Section 8, we present a ring topology T%
on Q, which is the maximum one among all ring topologies for which the sequence
(pn)n∈N converges to zero. The topological ring (Q;T%) is complete. We omit the
proofs since they are analogous to those in Sections 8 and 10.
We denote Q≥0 ={a∈Q : a ≥ 0}. Let G be the set of all strictly increasing functions
g: Q≥0 → Q≥0 with g(0) = 0. For each g∈G we de?ne the neighborhood of zero
Wg =
{
=
l∑
n=1
an
bn
pn :g(m())≤m; g
(∣∣∣∣anbn
∣∣∣∣
)
≤ n; g(bn) ≤ n for all n; m∈N
}
;
where an ∈Z and bn ∈N. We have that Wg⊆Wh if and only if h ≤ g.
Theorem 43. The family B%={Wg}g∈G is a fundamental system of zero neighborhoods
for a Hausdor9 ring topology T% on Q. This topology T% is maximum among the
ring topologies on Q for which the sequence (pn)n∈N converges to zero.
Corollary 44. The topological ring (Q;T%) is complete.
10. Q is complete with a ring topology ner than the usual topology
We denote the usual topology on Q by Tu. Let p ≥ 2 be a natural number. We
introduce now another ring topology T$ on Q which is ?ner than the usual topology on
Q, and it is the maximum ring topology on Q for which the sequence (1=pn) converges
to zero. We consider the set of functions G introduced in the previous section. For
each f∈G, we de?ne the neighborhood of zero
Wf =
{
=
l∑
n=1
an
bnpn
:f(m()) ≤ m; f
(∣∣∣∣anbn
∣∣∣∣
)
≤ n; f(bn)≤n; for n; m≥1
}
;
where an ∈Z and bn ∈N.
Theorem 45. The family B$ = {Wf}f∈F is a fundamental system of zero neighbor-
hoods for a Hausdor9 ring topology T$ on Q; which is >ner than the usual topology
on Q.
Proof. We shall check properties (1)–(5). Property (1) is obvious. In the sequel, the
considerations about the m-density m are analogous to those in the proof of Theorem
20, and we omit them. We show property (2). For each Wf ∈B$, we choose g∈G such
that f(2x2) ≤ g(x), f(2x) ≤ g(x) for all x∈Q≥0, and we check that Wg + Wg⊆Wf.
Let
 =
l∑
n=1
an
bnpn
;  =
l∑
n=1
cn
dnpn
∈Wg:
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We check the bounds for their sum
 +  =
l∑
n=1
(
an
bn
+
cn
dn
)
1
pn
:
Firstly for the denominator, f(bndn) ≤ f((max{bn; dn})2) ≤ g(max{bn; dn}) ≤ n.
Secondly, for the whole fraction,
f
(∣∣∣∣anbn + cndn
∣∣∣∣
)
≤ f
(
2max
{∣∣∣∣anbn
∣∣∣∣ ;
∣∣∣∣ cndn
∣∣∣∣
})
≤ g
(
max
{∣∣∣∣anbn
∣∣∣∣ ;
∣∣∣∣ cndn
∣∣∣∣
})
≤ n:
Consequently +∈Wf, and Wg+Wg⊆Wf. We verify property (3). For each Wf ∈B$,
we choose g∈G such that f(x2x) ≤ g(x) and f(x3) ≤ g(x) for all x∈Q≥0. For
; ∈Wg, we have their product
 =
2l∑
n=2
( ∑
i+j=n
aicj
bidj
)
1
pn
:=
2l∑
n=2
en
tn
1
pn
:
If an = 0 we set bn = 1. We write the n-density of  as n = n(). We de?ne 0n =
max{bi; dj : i; j∈{1; : : : ; n}}. We check the bound of the denominator
tn ≤
∏
i+j=n
bidj ≤ (0n)2n :
We have that g(n) ≤ n and g(0n) ≤ n, and we de?ne ( = max{n; 0n}. We conclude
that
f(tn) ≤ f((0n)2n) ≤ f((2() ≤ g(() ≤ n:
Now, we deal with the bound of the whole fraction. Let
4n = max
{∣∣∣∣aibi
∣∣∣∣ ;
∣∣∣∣ cjdj
∣∣∣∣ : i; j∈{1; : : : ; n}
}
:
Then |en=tn| ≤ (4n)2n. We take into account that g(n) ≤ n and g(4n) ≤ n, and get
the bound
f
(∣∣∣∣entn
∣∣∣∣
)
≤ f ((4n)2n) ≤ f ((max{n; 4n})3) ≤ g(max{n; 4n}) ≤ n:
Therefore, ∈Wf, and WgWg⊆Wf. We show property (4). Let Wf ∈B$ and a=b∈Q.
Let m be a natural number such that m ≥ max{|a=b|; b} + 1. We take g∈G such that
f(mx) ≤ g(x) for all x∈Q≥0. It is easy to verify that (a=b)Wg⊆Wf.
Finally, we show property (5), i.e., the ring topology T$ is HausdorC. For each
m∈N, m ≥ 5, we de?ne fm ∈G as fm(x) = mx. For every
 =
l∑
n=1
an
bnpn
∈Wfm;
we get the bound∣∣∣∣∣
l∑
n=1
an
bnpn
∣∣∣∣∣ ≤
l∑
n=m
n
mpn
≤ 1
m
:
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The neighborhood Wfm is included in the open interval (−1=m; 1=m). Hence, the topol-
ogy T$ is HausdorC and ?ner than the usual topology on Q.
The neighborhoods Wf can also be written in the following way:
Wf =
{
l∑
n=1
an
bnpkn
:f(n) ≤ kn ¡kn+1; f
(∣∣∣∣anbn
∣∣∣∣
)
≤ kn;
f(bn) ≤ kn; for all n∈N} : (23)
Theorem 46. The ring topology T$ on Q is the maximum one among all the ring
topologies on Q for which the sequence (1=pn)n∈N converges to zero.
Proof. The same reasoning as in the proof of Theorem 35, now we must use the sets
Sn = {a=b∈Q : b ≤ n; |a=b| ≤ n}:
Corollary 47. The topological ring (Q;T$) is complete.
Proof. It is a consequence of Theorems 8 and 46.
10.1. Other ring topologies on Q
We can de?ne other ring topologies on Q which are maximum among the ring
topologies on Q for which some T-sequence converges to zero. The rational ?eld
endowed with one of these topologies is complete. For instance, Q has a ring topology
?ner than the usual topology which is maximum with the property that (s=t)n → 0,
where s; t ∈N, s¡ t.
We present a ring topology Tv on Q ?ner than the usual topology, which is maximum
with the property that (1=n3) → 0. A fundamental system of zero neighborhoods is
Bv = {Vf}f∈F, where
Vf =
{
 =
l∑
n=1
an
n3
:f(m()) ≤ m; f(|an|) ≤ n; for all n; m∈N
}
;
where an ∈Z. We shall only prove two properties:
First, Tv is ?ner than the usual topology and, consequently, is a HausdorC topology.
For each m∈N, m ≥ 3, let fm ∈F de?ned by fm(x) = mx. For every
 =
j∑
n=1
an
n3
∈Vfm;
we get the bound
||=
∣∣∣∣∣
l∑
n=m
an
n3
∣∣∣∣∣ ≤
l∑
n=m
n
m
1
n3
=
1
m
l∑
n=m
1
n2
≤ 1
m
:
Therefore Vfm is included in the open interval (−1=m; 1=m).
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Second, given Vf ∈Bv and a=b∈Q, we choose g∈F such that g(n) ≥ f(nb2|a|)
for all n∈N. We show that a=bVg⊆Vf; for each  =
∑j
n=1 an=n
3 ∈Vg we get
a
b
 =
j∑
n=1
anab2
(bn)3
∈Vf:
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